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Abstract 

The main goal of this paper is to give a modular type representation for 
the infinite product (1 — x)(l — xq)(l — xq 2 )(l — xq 3 ) ■ ■ ■ . It is shown that 
this representation essentially contains the well-known modular formulae 
either for Dedekind's eta function, Jacobi theta function or for certain 
Lambert series. Thus a new and unified approach is outlined for the 
study of elliptic and modular functions and related series. 
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Introduction 

There are more and more studies on q-series and related topics, not only in 
traditional themes, but also in more recent branches, such as quantum physics, 
random matrices. A first non-trivial example of g-series may be the infinite 
product (1 — q)(l — q 2 )(l — q 3 )(l — <7 4 ) • • • , that is considered in Euler [TUl Chap. 
XVI] and then is revisited by many of his successors, particularly intensively 
by Hardy and Ramanujan [jjg p. 238-241; p. 276-309; p. 310-321]. Beautiful 
formulae are numerous and motivations are often various: elliptic and modular 
functions theory, number and partition theory, orthogonal polynomials theory, 
etc .... Concerning this wonderful history, one may think of Euler's pentagonal 
number theorem [H p. 30], Jacobi's triple product identity [3 §10.4, p. 496- 
501], Dedekind modular eta function [201 (44), p. 154], [1, Chapter 3], to quote 
only some examples of important masterpieces. 

However, the infinite product (1 — x)(l — xq)(l — xq 2 )(l — xq 3 ) • • • , also 
already appearing as initial model in the same work [TUl Chap. XVI] of Euler, 
receives less attention although it always plays a remarkable role in all above- 
mentioned subjects: several constants in the elliptic integral theory, Gauss' 
binomial formula [5l §10.2, p. 487-491], generalized Lambert series, etc .... 
Indeed, rapidly the situation may become more complicated and, what is really 
important, the modular relation does not occur for generic values of x. 

In the present paper, we shall point out how, up to an explicit part, the 
function defined by the product (1 — x)(l — xq)(l — xq 2 )(l — xq 3 )... can be 
seen somewhat modular. This non-modular part can be considered as being 
represented by a divergent but Borel-summable power series on variable logg 
near zero, that is, when q tends toward the unit value. This result, subject 
of Theorem 11.11 gives rise to new and unified approaches to treat Jacobi theta 
function, Lambert series, .... 

The paper is organized as follows. Section [TJ is devoted to sight-read certain 
terms contained in Theorem 1 1.1 1 of §1.11 Firstly, in §1.21 we will give two equiva- 
lent formulations of Theorem ll.il one of which will be used in complex plane in 
§1.61 In §1.31 and §1.41 we w iU observe that the modular relation remains almost 
valid but a perturbation term exists. In §1.51 we deal with the remainder term 
of the Stirling asymptotic formula for T-function. Theorem 11.91 given in §1.61 
is another equivalent version of Theorem 11.11 and will be used in Section [2l as 
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it is formulated in terms of complex variables. Relation (|3"5)) shows that the 
above-mentioned non-modular part can be expressed in terms of the quotient 
of two Barnes' double Gamma functions. 

In Section [2J we will explain how to utilize Theorem 11.11 to get the classical 
modular formula for eta or theta function. In M2. H it will be merely observed 
that the so-called non-modular part identically vanishes; in the theta function 
case r ^2.2|) . two non-modular parts are of opposite sign and then cancel each 
other out. In §2.31 a second proof will be delivered to 9- modular equation from 
the point view of ^-difference equations. In i j2.41 we consider the first order 
derivatives of (1 — x)(l — xq)(l — xq 2 )(l — xq 3 )... and then get some results for 
two families of g-series, including Lambert series as special cases that will be 
treated in §2.51 In $2.61 we will give some remarks about the limit behavior 
when q goes to one by real values. 

In Section [3l we give a complete proof of our main Theorem. To do this, 
we need several elementary but somewhat technical calculations, that will be 
formulated in terms of various lemmas. 

We are interested in studying the analytical theory of differential, difference 
and ^-difference equations, a la Birkhoff [5J; see [5], [T5J, [57], [25], [3D]. The 
elliptic functions and one variable modular functions can be seen as specific 
solutions of certain particular difference or ^-difference equations; in this line, 
we shall give a proof on Theta function modular equation in £12.31 We believe 
that a good understanding of singularities structure, that is, Stokes analysis 
|17j as well as other geometric tools, often permits a lot more of comprehension 
about certain magical formulas or, say, some Ramanujan's dream. 

Let us mention that in [T3], Theorem 1 1.1 1 is employed to the study of Jackson 
Gamma function. 

Finally, the Author would like to express thanks to his friends and colleagues 
Anne Duval and Jacques Sauloy for their numerous valuable suggestions and 
remarks. 

1 Modular type expansion of (x; q)^ 

Let q and x be complex numbers; if |g| < 1, we let 

oc 

(x;q) 00 = l[(l-xq n ). 

In §1.11 and §1.21 we will suppose that q G (0, 1) and x £ (0, 1), so that the 
infinite product (x; q)oo converges in (0, 1); therefore, one can take the logarithm 
of this function. From §1.3) we will work with complex variables. In §1.61 a 
modular type expansion for (x; q)oo will be given in complex plane. As usual, log 
will stand for the principal branch of the logarithmic function over its Riemann 
surface denoted by C* and, in the meantime, the broken plane C \ (— oo, 0] will 
be identified to a part of C*. 
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1.1 Main Theorem 

The main result of our paper is the following statement. 

Theorem 1.1. Let q — e~ 27Ta , x = e - 27r ( 1 +4)" an d suppose a > and £ > — 1. 
The following relation holds: 

TT \f2r~T~ TT 1 1 — e ~ 27T £ a 

log(x; — + log + - a ( { + -) log 

rZ 2nat 

+ 1 i^r^j- l ) dt + M ^0, (i) 



where 



V* cos2mr£ 2 /" ^ sin2n^7rt dt 

M{a, Q = - n /2„ 7r /a _ !) - ~ VV J Lu n ( e 2nnt/ a _ X ) ^ " i 2 ) 
n— 1 \ / u n — 1 v ' 



In the above, "PV J stands for the principal value of a singular integral in the 

Cauchy's sense; see §6.23, p. 117] or the corresponding definition recalled 
later in $3A\ We will leave the proof until Section [3l 

Before extending the main theorem to the complex plane (§QT6]) , we first give 
some equivalent statements. 

1.2 Variants of Theorem flTTl 

Throughout all the paper, we let 

B ^-^h^t + 1 r (3) 

therefore, Theorem II. II can be stated as follows. 

Theorem 1.2. Let q, x, a, £ and M(a,£) be as given in Theorem \l.l\ Then 
the following relation holds: 

TT 1 \J 27T TT 

log(x; g)oo = - — - (£ + -) log 2vra + log w^Tj + 2 ^ + 



TT 

+ — a + ZTTCt 



ft 1 

J (t-Z--)B(at)dt + M(a,Z), (4) 



where B is defined in ([3]). 



Proof. It suffices to notice the following elementary integral: for any real num- 
bers A and fi, 

r-A 11 — e -271 ^ A 

B(ja)dt = — log — — + - . (5) 

q ZTTfl 2tt\/i 2 

□ 
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As usual, let IA2 denote the dilogarithm function; recall Li2 can be defined 
as follows [5, (2.6.1-2), p. 102]: 

Theorem 1.3. The following relation holds for any q G (0, 1) and x G (0, 1): 

logO;q)oc = —^—U 2 (x) + log Vl - x - 

log q 24 

where B denotes the function given by ([3|) . 

Proof. By the first Binet integral representation stated in [5j Theorem 1.6.3 (i), 
p. 28] for logT, Theorem 1 1.1 1 can be formulated as follows: 

log(x; q)^ = - -f - + ^ a - J r (0 - \ log(l - e~ 2 ^) 
12 a 12 2 

- [ \og(l-e- 2vat )dt + M(a,0, (8) 
Jo 

where £ = log ? (x/g) and Ir denotes the corresponding Binet integral in term of 
the function B defined by ([3]): 

1 r°° fjf 

7 r (0=lo g r(£+l) -(£+-) loge + C-log^ = y B^e^^j. (9) 

Write log(x/g; (7)00 = log(l — x/q) + log(a;; q)oo, an d substitute q by e~ 27TQ and 
x/q = e~ 2lx( - a = q* by a; in ([8]), respectively; we arrive at once at the following 
expression: 



logg 



log„ X 



log(ar; =— — +logVl - x - / log(l - q*) dt 

6 log g 24 7 

-Jo B{ -^ t)x T + M{ -^^ x ^ 

from which, using we easily deduce the expected formula ([7]), for Li 2 (l) 



□ 



1.3 Almost modular term M 

We shall write the singular integral part in ([2]) by means of contour integration 
in the complex plane, as explained in [25j §6.23, p. 117]. Fix a real r G (0, 1) 
and let £~ (resp. £+) denote the path that goes along the positive axis from the 
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origin t = to infinity via the half circle starting from t = 1 — r to 1 + r below 
(resp. over) its center point t = 1. Define P T (a,£) as follows: 

rta:/ >\ 2 f <^ sin2n^7rt c?i . . 

PT(a '^ : = i E n(e^-l) ~ ' (10) 

tr n— 1 v ' 

where a > and where £ may be an arbitrary real number. 

Observe that the integral on the right hand side of (fTUf is independent of the 
choice of r € (0, 1), so that we leave out the parameter r from P T . Moreover, 
the principal value of the singular integral considered in ^ is merely the average 
of P + and P~, that is to say: 

„ , ^ ^ 4 f 00 ^ sin2n£7rf , N 

u n— 1 v 7 



By the residues Theorem, we find: 



P" (a, - P+(a, = 2i ^ n(e2nr/a _ T) , (12) 

n— 1 ^ ' 

from which we arrive at the following expression: 

M(a, = P" (a, - £ L /a _ • (13) 

n— 1 ^ 7 

Theorem 1.4. Lei M 6e as in Theorem ] 1.1\ and let P~ be as in (j 1 0[) . For any 

$eM and a > 0, £/ie following relation holds: 

M(a, = log(e 2 ^- 2 -/ Q ; e- 2 -/")^ + P"(a, £) , (14) 

where log denotes the principal branch of the logarithmic function over its Rie- 
mann surface. 

Proof. Relation (fl"4")) follows directly from (fl"3|) . Indeed, for the last series of 
(fT3|) , one can expand each fraction ( e 2n7r / Q — l)- 1 as power series in e ~ 2n7T /a 
and then permute the summation order inside the obtained double series, due 
to absolute convergence. □ 



Consequently, the term M appearing in Theorem 11.11 can be considered as 
being an almost modular term of log (x\ q)oo', the correction term P~ given by 
(fT4|) will be called disruptive factor or perturbation term. 



1.4 Perturbation term P 

In view of the classical relation 

t 2 4/ 



'•° t 2 = t"S w-tf» ' (15) 

n=l 



G 



from (fit)]) one can obtain the following expression: 

„ , f sin£i / t 2\ dt , 

In the last integral (TIB)) , r 6 (0, 1) and 

C* = (0, 1 - r) U Aj„>i (C- P U (n + r, n + 1 - r)) ) , 

where for any positive integer n, C~ r denotes the half circle passing from n — r 
to n + r by the right hand side. 

One may replace the integration path l~* by any half line from origin to 
infinity which does not meet the real axis. In view of what follows in matter 
of complex extension considered in £11. 6i let us first introduce the following 
modified complex version of P~ : for any d £ (— tt, 0), let 

the path of integration being the half line starting from origin to infinity with 
argument d. 

From then on, if we let C* to denote the Riemann surface of the logarithm, 
we will define 

S(a, b) := {z e C* : argz e (a, b)} (18) 

for any pair of real numbers a < 6; notice that the Poincare's half-plane Ti. will 
be identified to 5(0, tt) while the broken plane C \ (— oo, 0] will be seen as the 
subset S(—w, tt) C C*. 

Lemma 1.5. The family of functions {P d }d^(--Kfi) given by (jTTJ) gives rise to 
an analytical function over the domain 

f2_ := S(~tt , tt) x (C\ ((-oo,-l]U [l,oo))) C C 2 . (19) 

Moreover, if we denote this function by P_(t,v), then the following relation 
holds for all a > and £ € R: 

P_{ai,iai)=p-{a,C). (20) 

Proof. Let B be as in ©; from the relation 

cotf-f (21) 

it follows that the function P d given by (fT7|) is well defined and analytic at 
(r, i/) = (to, vo) whenever the corresponding integral converges absolutely, that 
is, when the following condition is satisfied: 

id id 

m)\ < »(—<)• 

T 1 T 
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Therefore, P is analytic over the domain fl if we set 

tt d = U CTe(0)7r) (0, ooe l{d+a) ) x{i/eC: \%{ve- la )\ <sma}. (22) 

Thus we get the analyticity domain f2_ and also relation (|2H)) by using the 
standard argument of analytic continuation. □ 

Let us give some precision about the above-employed continuation proce- 
dure, which is really a radial continuation. In fact, for any pair of directions 
of arguments di, c?2 G (— tTjO), say d\ < d%, the common domain fl dl n £l d2 
contains a (product) disk D{tq;t) x D(0;r) for certain tq £ S(d,2,d\ + ir) and 
some radius r > 0, and all points in both Q dl and Q d2 can be almost radially 
joined to this disk. 

On the other hand, if we take the arguments d £ (0, ir) instead of d £ (— 7r, 0) 
in (jTTJ) , we can get an analytical function, say P+, defined over 

n + := 5(0, 2vr) x (c \ ((-oo,-l] U [l,oo))) 

and such that, for all a > and (el: 

P+(m,£az)=P+ («,£)• (23) 
Therefore, the Stokes relation (fT2"|) can be extended in the following manner. 
Theorem 1.6. For any r £ 7i, the relation 

oo . 2nvw 

P (r, „) - P + (r, v) = 2iJ2 n(e2WT r _ T) (24) 

n— 1 ^ ' 

/io/ds provided that |3(^/t)| < — Sy(l/r). 

Proof. In view of (|20[) and (|23|) . one may observe that the expected relation 
really reduces to (fT2")l when r = ai, v = a > and (el. Thus one 
can get (|24[) by an analytical continuation argument. Another way to arrive at 
the result is to directly use the residues theorem. □ 

Using (f2Tj) . one can write (fT7|) as follows: 

id 

„,v » x Z" 006 x 1, „, > 27wt (it 

P ^= 2i i ^r)"2^-2)^ Sln -^T' 

where B denotes the odd function given by (J3]). We guess that this expression 
contains some modular information about the perturbation term ! 
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1.5 Remainder term relating Stirling's formula 

Let us consider the integral term involving the function B in formula of 
Theorem II .31 which is, up to the sign, the remainder term /p appearing in the 
Stirling's formula; see ©. So, we introduce the following family of associated 
functions: for any d ^ ^ mod tt, define 

l -ooe' d j. 

g d (z) = - B {t)e-^-. (25) 

Jo 1 

It is obvious that g d is analytic over the half plane S(—^ — d, f — d), where S(a, b) 



is in the sense of (fl8l) . By usual analytic continuation, each of the families of 
functions {g d }d^(-^ .§) and {g d }d£(^ l '^-) will give rise to a function that we 
denote by g + and g - respectively; that is, g + is defined and analytical over the 
domain S(— tt, tt) while g~ , over £(— 27r,0). Since B(—t) = —B(t), it follows 
that 

g+(z) = -g-(e-* i z) (26) 

for any z G 5(— 7r,7r). Moreover, if z 6 5(— tt, 0), one can choose a small e > 
such that g ± [z) = g d (z), d = it/2 =p e; by applying the residues theorem to the 
following contour integral 

( / - / ) B(t) e-^ d ± , 



o 



wc find: 



„ — 2izz(ni) 

g + (z) - g-(z) = ~2m ]T — - Iog(l - e~ 2 ™) . (27) 

n>l 

Lemma 1.7. XTie following relations hold: for any z E S(— 7r,0), 

g + (z)+.g + ( e ^z) = log(l-e- 2 - 2 ); 
/or any z € 7i = S(0, tt), 

g + (z)+g+(e-™z) = log(l-e 2 ™)- 

Proof. The result follows immediately from (|2"6"|) and l|27p. □ 

Lemma 11.71 is essentially the Euler's reflection formula on T-function, as it 
is easy to see that, from (HJ), Ir(z) = —g + (z). If we set G(r, v) = g + {^), that 
is to say: 

G{t,v) =-lo g r(- + l) + (- + i) log---+logV2^, (28) 

T T 2 T T 

then G(t, v) is well defined and analytic over the domain U + given below: 

U+ := {(t, v) G C* x C* : i//t ^ (-oo, 0]} . (29) 



9 



Proposition 1.8. Let G be as in (|28[) . Then, for any (r, v) € f7 + , 

G(r, j/) + G(r, -i/) = log(l - e* 2 ™' r ) (30) 
according to — £ S(—n,0) or S(0,ir), respectively. 

T 

Proof. The statement comes from Lemma ll.7l □ 
1.6 Modular type expansion of (x;q)oo 

We shall discuss how to understand Theorem 1 1.31 in the complex plane, for both 
complex q and complex x. As before, let C* be the Riemann surface of the 
logarithm function. Let M. be the automorphism of the 2-dimensional complex 
manifold C* x C* given as follows: 

M : (q,x) i-> M(q,x) = (i(q), i q {x)) , 

where 

L{q) = q* := e 47r2/losq , l q (x) = x* := e 2 " lo « ^ lo « « . (31) 

In the following, we will use the notations q* and x* instead of i(q) and t q (x) 
each time when any confusion does not occur. 

If we let D* = exp(i7Y) C C*, then M. induces an automorphism over the 
sub-manifold D* x C*. From then now, we always write q — e 27rlT , x = e 27rll/ 
and suppose r £ H, so that < \q\ < 1. Sometimes we shall use the pairs of 
modular variables (t*,v*) as follows: 

i(r) = t* := -1/r, i T (v) = v* := v/t , (32) 

so that we can continue to write q* — e 27 ™ T and x* = e 2lTW . 

Theorem 1.9. Let q = e 27rir , x = e 2 ™ and let q* , x* as in ([3"TJ). The following 
relation holds for any r £ TL and v £ C \ ((-co, —1] U [1, oo)J such that v/t £ 
(-oo,0]r 

[x; q)oo =q~ 1/2i Vl - x (x*q*;q*)oo 

x exp (^M + G(r, ,/) + P(r, !/)) , (33) 
V logq / 

where \J\ — x stands for the principal branch of log ( 1_;r ), Li2 denotes the 
dilogarithm recalled in ([6]) 7 G is given by (|28j) and where P denotes the function 
P- defined in Lemma \T75l 

Proof. By Theorem II .41 and relation (|20|) . we arrive at the expression 

M — — , = log(x q ;q )oo + P[t, v) ■ 

2ir log q 

making then suitable variable change in (0) allows one to arrive at ([33]) . by 
taking into account the standard analytic continuation argument. □ 
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If we denote by G* the anti-symetrization of G given by 
G*{t,v) = \{G(t,v) - G(r,-i/)) , 



then, according to relation (|30|) , we may rewrite (|33|) as follows: 



/Li 2 (a;) 



exp(-M^ + G *( r ^ )+ p (T ^)) (34 ) 
V logo / 



if ^ £ r7i, and 



/ \ -1/24 W / * *^ 

1 — X* 

'L i 2 (a;) 

3g<? 



x exp f + G* (r, i/) + P(r, ^ (35) 

V logo / 



if v e -tH, that is, if - e S(-w, 0). 

T 

In the above, G* and P are odd functions on the variable v. 

G*{t,-v) = -G*{t,v), P(t,-v) = -P(t,v); (36) 
Li 2 satisfies the so-called Landen's transformation 5, Theorem 2.6.1, p. 103]: 

Li 2 (l -x) + Li 2 (l - -) = -i (log*) 2 . (37) 

Finally, if we write w = (o>i, w 2 ) = (1, r) and denote by r 2 (z, u;) the Barnes' 
double Gamma function associated to the double period c3 ([5]), then Thoerme 
11.91 and Proposition 5 of [5T] imply that 

r 2 (i + r-M) _ .n ./i — r , ™^ 2 n , 



: ^VT^exp(— + y(--(l 

+ ^ + G(r ) ,) + P(r,,)) 
logo / 



r 2 (i/,dJ) V12t 2 v t v t' 

Li 2 (jr) 

iri v(y — \)iri 



sm7w exp 



12r 2r 



+ l2 2 ^ r j +G(r^)+P(r,^)). (38) 



2 Dedekind ^-function, Jacobi ^-function and Lam- 
bert series 



In the following, we will first see in what manner Theorem 11.91 essentially con- 
tains the modular equations known for rj and ^-functions; see Theorems 12.11 
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and 12.21 In M2.4L we will consider two families of series, called L\ and L2, that 
can be obtained as logarithmic derivatives of the infinite product (x; q)oa] some 
modular type relations will be given in Theorem l2.3l In $2.51 classical Lambert 
series will be viewed as particular cases of the previous series L\ and Li- 



2.1 Dedekind ^-function 

Let us mention a first application of Theorem 1 1.91 as follows. 
Theorem 2.1. Let q = e 2mT , r £ H et let q* = r 2l, ' T '. Then 



(q;q)oo = q- 1/24 \l-(q*) 1/24 (q*;q*)oa. (39) 



Proof. If we set 



= log T(u* + 1) + v* log v* - v* 
we can write relation ([55]) of Theorem 11.91 as follows: 



x expl 



^ + G„(r,,) + P(r,,)), 
log <j / 



where x = e 27rw . Suppose z/ — > 0, so that x — ► 1, 2/* — ► and x* — * 1; from ([28]) . 
it follows: 

lim Gq(t, v) = ; 

7T 2 

therefore, one easily gets relation (|39|) . remembering that Li2(l) = — and that 
P(t, 0) = as is said in |J3BJ). □ 

The function (g; 9)00 plays a very important role in number theory and it is 
really linked with the well-known Dedekind ^-function: 

00 

r,(r) = e™/ 12 JJ (1 - e 2 "™) = q 1 ^ (q; ?)«, , (40) 

71=1 

where t £ TC. For instance, see [T3J Lectures VI, VIII] and [51 Chapters 10, 11]. 
The modular relation ([59"]) , written as 

? /(--) = \/- iW: 

T \ I 

is traditionally obtained as consequence of Poisson's summation formula (cf 
[Til p. 597-599]) or that of Mellin transform of some Dirichlet series (cf [5] p. 
538-540] ) ; see also [35] , for a simple proof. 
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2.2 Modular relation on Jacobi theta function 

In order to get the modular equation for Jacobi theta function, we first mention 
the following relation for any x G C \ (—00, 0]: 

Li 2 (-z) + Li a (-i) = ~ - ~ (logx) 2 , (41) 
which can be deduced directly from the definition © of Li 2 , for 

'X 



f (!*,(-*) + Li 2( -i)) = Mi±^) _ iegci+j) = l£ii . 

ax x —x —x —x 

One can also check (l4"Tj) by making use of a suitable variable change and 
considering both the Landen's transformation (f37|) and formula [5j (2.6.6), p. 
104]: 

7T 2 

Li 2 (a;) +Li 2 (l - x) = — log a: log(l - x) ; 

6 

see |26j for more information. 

For any fix q = e 27rlT , r £ Ti, the modular variable transformation x 1— > 
iq{x) = x* introduced in (|31| defines an automorphism of the Riemann surface 
C* of the logarithm and satisfies the following relations (q* = i(q) = e 4jr / lo s?); 

L q (xy) = i q (x)i q (y); Lq (e 2k n = (q*r k , L q (q k ) = e 2k ™ (42) 

for all tel. In particular, one finds: 

t, g (y/qx) = e" L g (x) , L q (xe l7T ) = i q {x)/y/(f . (43) 

As usual, for any m given complex numbers 01, . . . , a m , let 

m 

(ai, . . ■,a m - 1 q) oc = _Q(afc; <z)oc . 

k=l 

Theorem 2.2. Let q = e 27TlT and x = e 2mv and let 

6(q,x) = (q,-^qx,-^-,q) 00 . (44) 
x 

Then, the following relation holds for any r <= Ti. and any v of the Riemann 
surface of the logarithm: 

6{q,x) = qV\pL e ^j J l ° S ^ ] W,g»). (45) 
V ti V 2 log q I 

Proof. First, suppose v g rJi and write (x; q)^ and (1/x; q)oo by means of (|34[) 
and (f3"5)) . respectively. By taking into account relation (f3"51) about the parity of 
G* and P, we find: 

1 1 \ -1/12 l — £ / 1 , * 1 *^ 
a; 1 — 1 /x V x x* 

expf— !— (Li 2 (x) + Li 2 (-)) 
vlogg x 
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where we used the relation 1/x* = (1/x)*, deduced from (|4"2")l . Thus, it follows 
that 

(xq,-;q) 00 =q- 1/u J-- (x* , ^;q*)oo exp(-^- ((Li 2 (x) + Li 2 (-))) , 
x V x x* ^iogq x I 

Change x by e~™ x/^/q and make use of (j43|) and ([4Tj) : we get: 

(-y/qx, -^-,qU =q^ 12 {-^fx*,-^q*) 



i y loo 

X V X X" 



x expl (-— - - log — Y 

Vlogg 6 2 y/g 

for x (/_ (—oo,0]. By the modular equation (|39[) for 77- function, we arrive at the 
expected formula (f4"5j) . 

Finally we end the proof of the Theorem by the standard analytic continu- 
ation argument. □ 



Known as the modular formula on Jacobi's theta function, relation (|45|) can 
be written as follows: 

9((i ,«) = yiexp(-M|£) % .,x.), 

which has a very long history, and is attached to Gauss, Jacobi, Dedekind, Her- 
mite, etc .... It is generally obtained by applying Poisson's summation formula 
to the Laurent series expansion: 

(q,-^/qx, - — ; q)^ = ^ q^ x n , 

which is the so-called Jacobi's triple product formula; for instance, see [51 §10.4, 
p. 496-501]. 

2.3 Another proof of Theta modular equation 

As what is pointed out in [2"9l p. 214-215], formula (|4"S"]) can be interpreted in 
term of ^-difference equations. We shall elaborate on this idea and give a simple 
proof for (j45l> . 

For any fix q such that < \q\ < 1, let 

21ogq 

and 



f 1 (x) = 9(q,x), f 2 (x) = J-exp( 

V x V 2 logo / 



hi?) 
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where x* is given by ([3T]) . As f\ and fa are solution of the same first order 
linear equation 

y(qx) = —^y{x), 
y/qx 

f is a q-constant, that means, f(qx) — fix) ; equivalently, g is uniform on the 
variable x* , for qx is translated into x*e 2vl by ([42]) . On the other hand, it is 
easy to check the following relation: 

f(xe~ 2 n = e~ 2 ™fe f{x) = f(x), 

so that, using (|4"2"| . we find: 

5 (g*z*) = ^=^ <?(**). 
y g* a;* 

Summarizing, g is a uniform solution of y(q*x*) — y{x*) / 'i\fq* x*) and van- 
ishes over the g*-spiral — -y/q* g* z of the :r*-Riemann surface of the logarithm; 
it follows that there exists a constant C such that g[x*) — C9iq*,x*) for all 
x* G C*. Write 

&iq* : x*) V 21ogq 

and let a; — » e m /^/q, so that x* — > e* 1 j^fq* . Since 

" <5 ' x) ■(«.«.. (*•;*•« 



and 



+e "VV9 1 + V¥x* y/t dx ^=^'/Vq' i 



where q — e 2?rir , we get the following expression, deduced from 77-modular 
equation ([39]): 

and we end the proof of (|i5]) . 

One key point of the previous proof is to use the dual variables q* and x* ; 
the underlying idea is really linked with the concept of local monodromy group 
of linear q-difference equations [19l §2.2.3, Theoreme 2.2.3.5]. In fact, as there 
exists two generators for the fundamental group of the elliptic curve C*/q z , 
one needs to consider the "monodromy operators" in two directions or "two 
periods", x 1— > xe 2v% and x 1— > xq, which exactly correspond to x* > x*q* and 
x* 1 — ► a^e -27 ™, in view of 
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2.4 Generalized Lambert series L\ and L 2 

As before, let q — e 27rlT , x — e 2nw and suppose r £ Ti. Consider the following 
series, which can be considered as generalized Lambert series: 



Li(t,v)=\- -, L%(t, v) — y. ~\ —, (46) 

^— i 1 — x q n 1 — x q n 



that are both absolutely convergent for any x £ C \ q N , due to the fact \q\ < 1. 
By expanding each term (1 — xq n )~ l into geometric series, one easily finds: 

°° x n+l °° j.n+1 

^'^El^TT' ^(r,^) = ^ 2 , (47) 

n=0 H n=0 V H ' 

where convergence requires x to be inside the unit circle \x\ < 1 of ir-plane. 
Observe that 

L 1 {t,v + t)-L 1 (t,v) = --^— (48) 

1 — x 

and 

L % {t,v + t)-L 2 {t,v) = -L 1 {t,v). (49) 

In this way, one may guess how to define more series such as L3, L4, etc ... 
A direct computation yields the following formulas: 

d 

Lx(t, v) = -x — \og{x; qjoo , (50) 
d 

L 2 (t, v) = -g ^- log(a;; g)^ + Li(r, 1/) ; (51) 

dx* _ a;* <9f _ 1 
9a: r ' <9ai 27rz 



and 



<9x* _ v t dq* _ 1 * dr _ 1 
9(7 t 2 1 ^ dq t 2 ^ ' ^ dq 2iri 



Here and in the following, q and a; are considered as independent variables as 
well as the pair (r, v) or their modular versions (q*,x*) and (t*,v*). 



Theorem 2.3. Let q = e 2lTlT , x = e 27TW and let q* , x* , t* and v* be as in ([31 
and (|32p . If t £ H and vjr ^ (— 00, 0], then the following relations hold: 



log 1-e 2 ™ e 2 ™ _ , . , 1 

27TTZ 2 1- e 2 "" V ' r 



' ^ + 1>_^ r « } (54) 



27TTZ V T(f + 1) T 2^ 0Z/ 
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1 Li 2 (e 2 ^ ) 1 , 1/ 

i 2 (r^ + r)=- _^__L l(r ,„ +r )_ 

r / * * *A 1 " ^ r '(7 + 1 ) 

+ L 2 (t*>* +T*) - ' 



and 



t 2 27rir 2 V + 1) 

-log^ + ^l-PM). (55) 

Proof. By taking the logarithmic derivative with respect to the variable x in 
and in view of ((5^1) , we find: 

5 X X* I I 

X d~ X l0gix] qU =- 2(1^) + 13 ^ 7 + 7 X *d^ l ° g{x * 5 9 * )o ° 
-lo^l-xJ + ^^GfCr.^ + ^r,,)), 
so that, by (f5TI)) , we arrive at the following expression: 

X * 1 

L,(T, f) = log,(l - x) + + (£,(,■• , V") - j— - 

From l[2"5]). it follows that 



that leads to the wanted relation (f5l)) . using 

On the other hand, using ([55]) . a direct computation shows that implies 
the following expression: 

g— log(x;g) M =- — + — log(l - x )~^x — log(x ;q ) (X3 
Z2 ^ »3T lo g( x !<? )oo-7r— 



t 2 <9g* ' (logg) 



or, by taking into account (|5Tj) : 

9 , , v 1 Li 2 (x) 1 x* v v + 1 

g^log(x;g )oo =-- + ^-,- T — ,-,+L l( r , „ ) — 

-^0^ + ^(^(r,,) + ^P(r f ,)). (57) 

Since 

r— G(r, j/) = -v—G{t, v), 
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by putting together (|5Tj) . l[54"]). (f5B| with the last relation ([57)1 , we get the 
following relation: 

, , 1 Li2(a;) 1 £* f-T . * + l 
i2(T ' i/)= 24-^^ + T^^- il(T '" ) -^ 



- log - - — + — j-PiT, V) , 
T 2v V OT ) 

so that we arrive at the wanted formula ([55)) by applying (|4"5)) . □ 
2.5 Classical Lambert series 

If we let v — t, we reduce series Li and L2 to the following classical Lambert 
series: 



and 



g" +1 



n+1 



r c \ l n + 1 )g = \ ~» 1 

n=0 y n=0 v y ' 

By considering the limit case v = in ([54]) and (|55|) of Theorem 12. 3i we arrive 
at the following statement. 

Theorem 2.4. For a// t £ TC, the following relations hold: 
log(— 2mr) 1 



Li(t,t)=- 



2mr 4 

' 3 P(t,0) + L 1 (t*,t*)-, (58) 



27r it 2ni dv T 
where 7 denotes Euler's constant, and 



Proof. If we set 



1 1 - e 2 ™ 1 , e 27ril/ 

^0, ^ ) = TT— log ■ 



27TiT *"° i//r 2 v l-e 2 ™ 1 ' 27UjV 
we can write (1541 as follows: 



Li(t, z/ + t) =A(t, i/) + L x (t* iV * + r*) - 

r 



1 / r(|+i) a 
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so that, remembering 7 = — r'(l), we get ([55]). as it is easy to see that 
limA(T,,) = l0g( - 2 ™ T) ■ 1 

v—tQ 

In the same time, putting v = in ([55]) allows one to obtain relation ([59]) , 

d 

for P(t, 0) = for all r e W implies ^--P(t, 0) = identically. □ 

Formula (|58|) has been known since Schlomilch; see Stieltjes j23] (84), p. 
54]. Relation (f59"|) is really a modular relation and is traditionally obtained by 
taking derivative with respect to the variable t in modular formula ([39]); sec [1, 
Exercises 6 and 7, p. 71]. 

2.6 Some remarks when q tends toward one 

For the sake of simplicity, we will limit ourself to the real case and we suppose 
q — > 1~ by real values in (0,1), so that one can let r = ia, a — > + . As 
r* = — 1/t = i/a, one may observe that 3(r*) — * +00 and therefore q* — ► + 
rapidly or, exactly saying, exponentially with respect to the variable 1/a. The 
relation 

1 1*| = e 27r! V Q _ g27r3i(f)/a 

shows that, as a — > + , the modular variable x* belongs to the unit circle if and 
only if the initial variable x takes a real value; otherwise, x* goes rapidly to ooi 
or according to the sign of $tv. 

Since e 27ri ( I/ + 1 ) = j n x _-p\ &Tie ^ one can always suppose that 3?(z/) € [0, 1); 
in this way, it follows that 

(*V;<z*)oo = i + o( e - (1 - KM)/Q ) ~i. 

Lemma 2.5. Let r = ia, a > and let G, P as in Theorem (|1.9[) . XTien t/ie 
following limits hold: for any fix v £ (0, 1), 

lim P(t, v) = lim G(r, v) = . 

Proof. The null limit of G is just a consequence of the Stirling's asymptotic 
formula on logT. The reader may complete the proof by direct estimates. □ 



Thus, from Theorem ll.9i we find: 

log(l-x) Li 2 (x) 



log(a;;g) c 



2ira 



when q = e _2lra — > 1 _ . 

Our final remark concerns the limit behavior for generalized series L\ and 
L2- From Theorem [273] it is easy to see that, naturally, 



2na L\(ai, v) ~ log(l — x), Air 2 a 2 L<2,[ai, v) ~ Li2(x) 
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if a -► 0+. 

In a forthcoming paper |14j . we shall give a compactly uniform Gevrey 
asymptotic expansion for (x;q)oo when q — > 1 inside the unit disc, x being a 
complex parameter; see [HI §1.4.1, p. 84-86] for Gevrey asymptotic expansion 
with parameters. 



3 Proof of Theorem 11.11 

In all this section, we let 

q = e- a = e- 2 ™, x = e^ 1+ ^ a = 

and suppose 

a = 2na > 0, < q < 1, £ > -1, < a; < 1 , 
For any positive integer N, define 

N 

V N (a, := ^ log(l - e -(»+«) a ) . (60) 

n=l 

It is esay to see that 

log(£;<?)oG = Jim Vjy(a,0- 
We shall prove Theorem 11.11 in several steps, and our approach is well in- 




that one can 



find in his Thesis [23l p. 57-62]. The starting point is to use the fact that 
— -= == — is a self-reciprocal function with respect to Fourier sine 

e V27r« _ 1 V27TU 

transform [2H (7.2.2), p. 179], so that one may write each finite sum Vjv by 
four or five appropriate sine or cosine integrals depending of N and make then 
estimation over these integrals. 



3.1 Some preparatory formulas 

We are going to use the following formulas: 

sin Aw ,11/1 Is . , 

-r, du = - + -(—. ), (61) 

e 27 ™-l 4 2 V e A -l \> ' V ' 

and 

1 — cos \u du A 1 1 — e~ A 

■^T7 = 4 + 2 log ^' (62) 

where A is assumed to be a real or complex number such that |5A| < 27r; notice 
that the second formula can be deduced from the first one by integrating on A. 
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For instance, see [23J (82) & (83), p. 57], [24, (7.2.2), p. 179] or [251 Example 
2, p. 122]. 

From [[52")). it follows that 

^ N 

VW(a,0=^ lo s( n + 0- 

n=l ^ 

iVfiV + 1) 

V . 7 a + AHog a + fljv(a,0, (63) 



where 



and 



/iAr(aw,£) du 



N 



h N (t, £) = 2N — 2 ^2 cos ( n + 0* • 

n=l 

By using the elementary relations 

t 



and 



2 cos ni = cos Nt + sin Nt cot 1 

2 

n=l 

W i 
2 ^ sin n< = sin Nt + (1 - cos Nt) cot - , 



n=l 

we obtain: 

h N (t,£) = 2N + cos£i - cos(7V + £)t + (sinfi - sin(7V + £)*) cot - . 
Let us define the following integrals: 

and 

(2) f 27V + (sin gem - sin(iV + £)au) cot ^ d« 

so that 

R N (a,0 = R$(a,0 + R { P(a,0- 

We will look for the limits of R$ and R^ while iV becomes indefinitely 
large. To simplify, we will write ajv on if the quantity (a^v — &/v) tends to 
zero as iV — * oo. From (f52)) , we first observe the following result. 

Lemma 3.1. The following relation holds: 

m N 1 1 1 - e^ a 
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Proof. Applying (f6"2"| to the following integrals 

1 — cos £ait du f°° 1 — cos(iV + £)au du 



implies directly Lemma 13. II □ 

The following well-known result, due to Riemann, will be often taken into 
account in the course of the proof. 

Lemma 3.2. Let f be a continuous and integrable function on a finite or infinite 
closed interval [a, j3] C K. Then the following relations hold: 

rP 
f{t) sin Ntdt -at 0, / f{t) cos Ntdt ~ N 0. 



3.2 First part of B$ 

The integral (f6"5| of seems more complicated than R$, because of the 

■ , , 2 4 6 , r au , . 

simple poles at u = — n, — ir, — tt, etc, ■ ■ ■ that the function cot — admits 

a a a 2 
on (0, +oo). In such a situation, one very classical technique may consist in 

replacing the function by its decomposition in simple parts as given in (fTS)) . By 

2 . au . 

considering — instead of cot — in (|65jl , we are led to the following integral: 



au 2 

n(2i)/ ^ 2 f°° Nau + sin ^au — sm(N + £)ait du 

(a ' e)= a J e^—l ^ 5 (67) 



if we set 



d(22)/ c \ a f°° sm(N + £)au-sm£au du 

J " n=l 

then, in view of (|15[) we obtain the following equality: 

R%\a,Q = R% 1 \a,0+R l * i \o,S). 
Lemma 3.3. The following relation holds for a > and £ > 0: 

R% 1) (o, ~ N N{N + 2 ° a-(N + \og(N + Z)+N(1- log a) 

-^+£loge~- t \og(l -e^dt. (69) 
6a a J 

Proof. For any pair (iV, £) € N x R, let /jv(a, = ^i?^ 1 '* (a, £:) ; it is easy to see 

that a i— > //v(a,£) represents an odd analytic function at the origin of the real 
axis, for merely 



Nau + sin£aw — sin(iV + £)au du 

^2tzu 1 y2 
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Let f' N (a,x) denote the derivative of /jv(a, £) with respect to the variable a. It 
follows that 



(N + £) (l - cos(7V + f )au) - f (1 - cos fan) dw 



so that applying (|6"2"|) gives rise to the following relation: 

f N (a. = — — a H log 

- y loga--log^^. 

To come back to fpf(a,x), we integrate f' N (t,£) over the interval (0, o) and 
remark that /jv(0, £) = 0; it follows that 

;„(„, o jm*v>,f _ £+e . log(K + _ « (log . _ 1)a 

+ | (logO a + \ I(a, N + Q - \ I(a, {) , (70) 

where 



I(a,S) 



n 2 



poa 

/ log(l - e -t ) dt . 
Jo 

Now we suppose a > and let N — > +00. Noticing that 

/>OC 

I(a,N + $~ N log(l-e-*)^ = -Li 2 (l) = -^, (71) 
Jo 6 

we get immediately (|6T)1) from ((70)) . 

□ 

The term included in expression (|67[) plays a most important role for 

6a 

understanding the asymptotic behavior of log (x; q)oo as q — ► l - , that is, a — > + . 
The crucial point is formula (|71[) , that remains valid for all complex numbers a 
such that 3?a > 0. 

(2) 

3.3 Intermediate part in R N 

Now consider R<fi 2 \a,£) of (68); then 

i?^ 2) (a,C) - \ (l N (a,0 - J N (a,0) , (72) 

if we set 



f°° sr^ sin2nNwt cos2nf7rf 
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and 

. ^ f°°^ sin 2nf Trt(l - cos 2nNiTt) dt , x 

J"M = J o E n(e w/. _ 1} ( 74 ) 

u n— 1 v 1 

Here, each series under / converges absolutely to an integrable function over 



(0, oo) excepted maybe near zero and t = 1. Lemma 13.41 given below will tell us 
how to regularize the situation at origin; notice also that these integrals behave 
more convergent at t = 1 than 0, due to big factors (e 4 ™*' l l a — 1). 

Lemma 3.4. Let S € (0, 1), A > and let {/i n ,Af}n,A'eN be a uniformly bounded 
family of continuous functions on [0, 5]. For any positive integer M , let Am(N) 
denote the integral given by 

rS M K >N (t) , 1 1 , dt 



t 2 

71=1 

Then, as M — > oo, the sequence {Am(N)} converges uniformly for N G N. 

Proof. We suppose A = 1, the general case being analogous; thus, one can write 
Am(N) as follows: 

M rnS 1 U dt 



iyi /•no 

Am{N) = Y\\ k 

n=l Jo 



N 



(t/n) 



1 t' n 2 -t 2 

Observe that the function (e* — — t^ 1 increases rapidly from —1/2 toward 
zero when t tends to infinity by positive values; indeed, (e* — — tr 1 = 0(£ _1 ) 

for t — ► +oo. Therefore, if we make use of the relation 



and let n — > +oo, wc find: 



y/nS 



U dt 



hn,N(t/ri) 



1 t'n 2 -t 2 



where C denotes a suitable positive constant independent of N and n; this ends 
the proof of Lemma 13.41 □ 



We come back to the integral In given in ([73 
Lemma 3.5. The following relation holds: 



t I e\ n n ST cos2mr£ 



Proof. We fix a small <5 > 0, cut off the interval (0, oo) into four parts (0,(5), 
(S, 1 — 6), (1 — <5, 1 + 5) and (1 + (5, oo), and the corresponding integrals will be 
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denoted by Ijtf, and lff°, respectively. According to Lemma \3. 21 we 

find: 

4 + (a,0~tfO, I s N °°(a,0~NO, (76) 

for 

1 ' "°° J sin2rjA7rfcos2<7rf| df 



E( 



i+/ n(e 4n7r2 */« - l ) |f-< 2 | 



when M — > oo. In the same way, we may observe that 

o f S ^ sin 2nA?rf rft 

n— 1 

^ sin 2nAvrf dt 



71=1 



a v-^ / sm ziniv ttz at 



where the first approximation relation is essentially obtained from Lemma 13.41 
combining together with Lemma 13.21 Since 

sini , 7r 

— dt = -, (78) 
from (f77|) we deduce the following relation: 

oo 1 
n=l 

A similar analysis allows one to write the following relations for the remaining 
integral I^ s : 

T i T s/ c \ 1 f 1+d sin2n7V7rt cos2n£7rf di 

J 2^ „( e 4n,r*t/« _ 1} — 

- 1 u n— 1 



JAr 2 



1+<s C os 2<tt sin 2nA^7ri 

n—1 v 7 



i v cusz/t^vi / suit 

JAr 2 n(e 4 »- 2 /a _ i) y_ oo r ' 



7T ^ COS2<7T 

2 ^ n(e 4 «- 2 /a - l) ' lSUj 

where the last equality comes from ([751 . 

Accordingly, we obtain the wanted expression (|75"|) by putting together the 
estimates (|76| . (|79|) and (|80|) and thus the proof is complete. □ 
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(2) 

3.4 Singular integral as limit part of R N 

In order to give estimates for Jjv(a, £) of (|74|) . we shall make use of the Cauchy 
principal value of a singular integral. The situation we have to consider is the 
following [521 §6.23, p. 117]: / be a continuous function over (0,1) U (l,+oo) 
such that, for any e > 0, / is integrable over both intervals (0, 1 — e) and 
(1 + e, +oo); one defines 

/>oo pX—e />oo 

VV f(t)dt= lim ( f(t)dt+ f{t)dt) 

Jo e^O+Vo Jl+e 

whenever the last limit exists. 

Lemma 3.6. The following relation holds: 

T r ^ ™ , f°° sm Znfnt dt . . 

Proof. For any given number e S (0, 1), let 



(i Te ) f 1+e ^-y sin2n£7rf(l — cos2nNirt) dt 



Thanks to suitable variable change, we can get the following expression: 

(lTc) f e <^,h n (a,£,t) h n (a, £, -t), 1 - cos2nNirt 
Jn (o,0= / 2J^737 uT) ^ ^ 



where 



2-t 2 + t ' nt 

sin 2n^7r(l — t) 



h n (a,£,t) - e4 „ 7r 2( 1 _ i )/ a _ 1 ■ 
From Lemma |3.2[ one deduces: 

J N M~ N J ^T-)- t - ( 82 ) 

u n— 1 

Again applying Lemma 13.21 implies that 

(lTe) f 1 -' p ^ sin2<7rf dt 



fl—€ POO w 
JO •/! + £ i 



l+ / ^ n(e 4 "- 2 '/- - 1) 1 - i 2 
which, using (|82|) . permits to conclude, as it is clear that 

<^o+ Jo ^ 2 - t 2 + t ' nt 

u n— 1 



□ 
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3.5 End of the proof of Theorem 11.11 

Proof. Consider the functions V)v(a,£) given in ([50]) and recall that \og{x;q) oa 
is the limit of Vjv(a,£) when N goes to infinity; so we need to know the limit 
behavior of the right hand side of (|63[) for infinitely large N. 
Letting 

N N(N + 1) 
G jv ( a ,C) = ^log(n + 0-y^- \ ' a + Nloga, 

71=1 

it follows that 

V N (a, = G^a, + R$ (a, £) + (a, + - (/^(o, - M«. 0) , 

where fljv^i -^v and Jjv are considered in Lemmas 13.11 13.31 13.51 and \5M 

respectively. From Stirling's asymptotic formula Theorem 1.4.1, page 18], 
one easily gets: 

JV 

£ log (n + = log r(JV + f + 1) - log T(£ + 1) 

71=1 

1 



~ N log V2vr + (TV + e + -) log(JV + £ + 1) 

-(jv + e + i)-io g r(e + i). 

Thanks to of Lemma |3~31 one finds: 

G N (a, + R% 1] (o, ~jv - ^ o + i log TV - log r(£ + 1) - ^ 

4 2 6a 

/ i fZ a 

+ logV2^-C + Clog^- - / log(l-e _t )dt. 

a Jo 

Thus, using (|64[) of Lemma |3 . 1 1 one can deduce the following expression: 

~iv - 7T + log V2^ - £ - logT(e + 1) 
oa 

-(^+2) l0g ^— + aJ Q — dt - 

which implies the starting formula ([T]) of our paper with the help of Lemmas 
13.51 and [3?6l replacing all a by 2na. □ 
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